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Main reference [www.probabilistic-numerics.org]

• Hennig, Philipp, Michael A. Osborne, and Mark Girolami.
”Probabilistic numerics and uncertainty in computations.” Proc. R.
Soc. A. Vol. 471. No. 2179. The Royal Society, 2015.
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Uncertainty in computations

Uncertainty quantification: usually ill-posed problems, epistemic
uncertainty set-up of computation

Stochastic numerical methods: aleatoric (inherent) randomness,
repeated computations

Probabilistic numerics: well-posed deterministic problems,
turned into a learning problem

Estimate uncertainty due to the numerical method itself

Integration
Optimization
Linear solvers
PDE/ODE
· · ·
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Probabilistic numerics, handy if...

one needs to propagate through some computational pipeline.
E.g., machine learning methods are simply chains of

linear algebra (least-sq.)
optimization (fitting)
integration (MCMC, nuisance parameters)
diff. eq. (control)

one has noisy function evaluations, or a built-in UQ problem, e.g.
uncertain input parameters
interested in accuracy-vs-time tradeoff... what if we stop short in
any computational endeavor?
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Background: Bayesian paradigm

Bayesian paradigm:
Quantify the unknown with probability distribution
Data model: d ≈ f (m)

Bayes formula

p(m|d)
Posterior

=

Likelihood

p(d|m)

Prior

p(m)

p(d)
Evidence

Ingredients:
Prior: knowledge of m prior to data
Likelihood: fit forward model to data; measurement noise
Posterior: combines information from prior and data
Evidence: normalizing constant; useful for model selection
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Background: Bayesian paradigm

Bayes formula

p(m|d)
Posterior

=

Likelihood

p(d|m)

Prior

p(m)

p(d)
Evidence

Allows:
Flexible way of combining prior knowledge and data
Dealing with heterogeneous sources of uncertainty
Sequential setting
Quantifying lack-of-knowledge (information content)
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Background: Gaussian Processes (GP)

Extension of normal r.v. to stochastic processes; Scalar⇒ Function

f (x) is a GP ⇐⇒ f (x1), f (x2), . . . , f (xn) is multivariate normal r.v. for any {xi}n
i=1

A GP is defined by its mean function µ(x) and covariance function C(x, x′)

A good resource is www.gaussianprocess.org/

... even better, the Rasmussen & Williams book
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Background: Gaussian Processes (GP)

Extension of normal r.v. to stochastic processes; Scalar⇒ Function
f (x) is a GP ⇐⇒ f (x1), f (x2), . . . , f (xn) is multivariate normal r.v. for any {xi}n

i=1

A GP is defined by its mean function µ(x) and covariance function C(x, x′)

GP regression, or kriging, is a handy tool for surrogate model construction
Can be posed in a Bayesian context, i.e. given fi = f (xi) for i = 1, . . . ,N, learn
mean and covariance functions, or point value at any x∗

Posterior︷ ︸︸ ︷
p(f (x∗)|{f (xi}N

i=1) ∝

Likelihood (Lin. Alg.)︷ ︸︸ ︷
p({f (xi}N

i=1|f (x∗))
Prior︷ ︸︸ ︷

p(f (x∗)) (1)

K. Sargsyan (ksargsy@sandia.gov) Probabilistic Numerics Feb 9, 2017 7 / 19



Probabilistic numerics
Deep connections

Gaussian quadrature⇔ GP regression
Conj. gradients⇔ Gaussian conditioning
BFGS⇔ autoregressive filtering
Runge-Kutta⇔ Gauss-Markov extrapolation
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General Recipe
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Integration
One of the first areas in probabilistic numerics

O’Hagan, Anthony. ”Bayes-Hermite Quadrature” Journal of statistical
planning and inference 29.3 (1991): 245-260.
O’Hagan, Anthony. ”Monte Carlo is fundamentally unsound.” The
Statistician (1987): 247-249.
Rasmussen, Carl Edward, and Zoubin Ghahramani. ”Bayesian Monte
Carlo.” Advances in neural information processing systems (2003):
505-512.

Basically, rewrite I[f ] =
∫

f (x)dx as a Bayesian problem
p(I|{fi = f (xi)}n

i=1) ∝ p(fi|I)p(fi)

Not many theoretical guarantees; posterior shrinkage estimates in
Briol, Francois-Xavier, et al. ”Probabilistic Integration: A Role for
Statisticians in Numerical Analysis?.” arXiv preprint arXiv:1512.00933
(2015).
Briol, Francois-Xavier, et al. ”Frank-Wolfe Bayesian quadrature:
Probabilistic integration with theoretical guarantees.” Advances in Neural
Information Processing Systems. 2015.

Can help with adaptive sample selection
Shaw, J. E. H. ”A quasirandom approach to integration in Bayesian
statistics.” The Annals of Statistics (1988): 895-914.
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Integration: a great read

Two major objections:
Same sample set can lead to different integral values
No use of information of the sample set
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Integration: visual
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Integration: I =
∫ 1

0 f (x)dx

Put a prior on f (x)

Compute f (xi) for i = 1, . . . , n

Compute the posterior via Bayes rule (first f then I)

Brownian motion prior⇒ Posterior mean is piecewise linear
interpolation⇒ Trapezoidal rule
Prior is k-th integral of Brownian motion⇒ Posterior mean is
spline of order 2k + 1⇒ Higher order integration rules
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Linear Alg./Optimization

Ax = b

The goal is to replace the point estimates returned by existing
methods with a Gaussian posterior belief over the elements of the
inverse of A, which can be used to estimate errors.
Put a Gaussian prior on H = A−1, then estimate the posterior
action rule xi+1 = xi − αHi(Axi − b) induced by posterior of Hi.
Hennig, Philipp. ”Probabilistic interpretation of linear solvers.”
SIAM Journal on Optimization 25.1 (2015): 234-260.

Relation to Bayesian optimization
This is not simply max posterior
To find the next candidate point, a posterior of utility function is
evaluated.
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Differential equations

... e.g. IVP ODEs dx
dt = f (x, t)

Runge-Kutta (RK): linear extrapolation rule
Repeatedly construct “estimates” of x̂i ≈ x(ti) which is then used
to collect an “observation” yi = f (x̂i, ti), s.t. x̂i = x0 +

∑
j<i wijyj

Relation to Bayesian integration

Barber, David. ”On solving Ordinary Differential Equations using
Gaussian Processes.” arXiv preprint arXiv:1408.3807 (2014).
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Differential equations

PDE mesh discretization error

Conrad, Patrick R., et al. ”Probability measures for numerical
solutions of differential equations.” arXiv preprint
arXiv:1506.04592 (2015).
Chkrebtii, Oksana A., et al. ”Bayesian solution uncertainty
quantification for differential equations.” Bayesian Analysis 11.4
(2016): 1239-1267.
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Resilient solver [Shameless plug]

K. Sargsyan, et al. ”Fault resilient domain decomposition
preconditioner for PDEs.” SIAM Journal on Scientific Computing
37.5 (2015): A2317-A2345.
F. Rizzi, et al. ”Partial differential equations preconditioner resilient
to soft and hard faults.” Cluster Computing (CLUSTER), 2015
IEEE International Conference on. IEEE, 2015.

Probabilistic preconditioner, or a domain decomposition solver
PDE solution is taken as state-of-knowledge
Learn boundary-to-boundary maps to update the solution state
Targeting resilience: Bayesian inference allows optimal regression
in presence of outliers
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Rexsss: Resilient EXtreme Scale Scientific
Simulations
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