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Schlogl Model

» Introduced by Schldgl in 1972, as a catalysis model.
» Keep the concentrations N4 and N constant.

» Interested in the dynamics of X(t) := Ng(1).

» The simplest description: deterministic, rate equation.




Deterministic Description

Proportion to the system size

_ X
x(t) = N
Governing ODE
dx 5 3
o = Kix° + kg — kox° — kgx = u(x) — d(x)

» Simple to analyze.
Stable-Unstable-Stable.

u()-d(x)

The right hand side of the deterministic equation

‘The ODE solution




Deterministic Description
Proportion to the system size

Governing ODE

% = kX2 + k4 — kox® — kax = u(x) — d(x)
» Simple to analyze.
Stable-Unstable-Stable.

BUT
P> Accurate only for large and well stirred systems.
P> Does not detect intrinsic fluctuations.
P> Switches between stable equilibriums are not allowed.
P> Which of the two stable states is more stable?

u()-d(x)

The right hand side of the deterministic equation

‘The ODE solution




Discrete Model

(Nr=)n—n+1 with rate U,,:k1”(”N_1)+k4N7
(Nf=)n—n-1 with rate Dn:k2n(n—jv)2(n—2) + Ksn.

To determine which deterministically stable state is “more stable”, we
need to compare the mean switching times between them, r,,_,,, and

Tny—np-




Backward Equation for Mean First Passage Time n — ny

-1= UnTn+1 - (Un + Dn)Tn + Dn7n—1

with boundary condition 7,, = 0.

Exact Solution
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forn > ny.




Large System Size Asymptotics

The leading order of the exponent V,, = Nlim 2109 70,

0 for n e [, ng
Vo~ < o(n/N)—d(ny/N) for n e [ns, N3]

®(n3/N) — &(n2/N) for  ne[ns, 00)
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®(n/N) = —/0 log Exg dx, ‘ 3 |
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®(ns/N) = ®(nz/N). /n |
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Discrete Exponential (Large Deviation or Rare Event) Ansatz

= one'r

into
-1= Un7'n+1 - (Un + Dn)Tn + Dntn_1

to get (in the leading order)
Vo—V,_1=0
or But which one to choose?

1. Dy

Vn— Vn_1 = NInU
n




Discrete Exponential (Large Deviation or Rare Event) Ansatz
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Think simpler ,
()

T(x) is MFPT from x to xi.

—1=-UX)T'(x)+eT"(x)

Exact solution

Asymptotics

0 for X € [X1, Xs]
elog T(x) ~ < U(x) — U(x2) for  x € [xs, X3]
U(x3) — U(x2) for X € [X3,00)




Think simpler
U(x)

T(x) is MFPT from x to x;.
—1=-UX)T'(x)+eT"(x)
Exponential ansatz T(x) = z(x)e®®)/¢ leads to (in the leading order)

0= —U'(x)®'(x) + d'(x)?

d'(x)=0 or ' (x) = U'(x)




One-step Markov Jump Process X(t)

Up n—n+1,
Dn n—n-—1.

Master Equation

dPn(t)
at

for the probabilities P,(t) = P{X(t) = n}.

= Un—1Pn_1(t) + Dn+1Pni1(t) — (Un + Dn)Pn(t)




» Rescale the jump sizes and the rates,
» Rates u(x) := eUp and d(x) := €Dy,
» Intensive variable x = n/N = en.

Rescaled Master Equation

apﬁ’t) = e Hu(x — P (x — e, 1) — u(x)Pe(x, 1)} +

+e Hd(x 4 €)P(x + €, 1) — d(x)P.(x, 1)},
for the probabilities P.(x, t) = P{X(t) = x/e}.

Expansion up to the order O(c°)

» Liouville Equation: % = —% [(u(x) — d(x))P(x, t)],

P Leads to the ODE: X = u(x) — d(x).




» Rescale the jump sizes and the rates,
» Rates u(x) := eUp and d(x) := €Dy,
» Intensive variable x = n/N = en.

Rescaled Master Equation

PPOCD _ 1 ux— Px — e.t) — u()Pu(x, )} +
+e H{d(x + €)P(x + €, 1) — d(X)Pc(x, 1)},

for the probabilities P.(x, t) = P{X(t) = x/e}.

Expansion up to the order O(¢')

> Fokker-Planck Equation: 22620 — _ -2 [(u(x) — d(x))P(x, t)] + § 8% [(u(x) + d(x))P(x, D],

P Leads to the SDE: dx = (u(x) — d(x)) dt + \/e(u(x) + d(x)) dW.




Rare event (large deviation) ansatz P(x, t) = e~ ®*:t<)/¢ (same e!).

Rescaled Master Equation

OP(x,t)
ot

= e u(x—e)P(x—e, ) —u(x)P(x, t)}+e~ " {d(x+€) P(x+¢, t)—d(x)P(x, t)}

7671ef¢(x,t)/ew — e Tux) [ew(x%}t)/e _ eAD(x,t)/e} i

+e*1d(x) [ef¢(x+e,t)/e . efcb(x,t)/e]




Rare event (large deviation) ansatz P(x, t) = e~ ®*:t<)/¢ (same e!).

Rescaled Master Equation

OP(x,t)
ot

= e u(x—e)P(x—e, ) —u(x)P(x, t)}+e~ " {d(x+€) P(x+¢, t)—d(x)P(x, t)}

Hamilton-Jacobi Equation
&4 u(x)(e® —1) +d(x)(e ® —1)=0




Rare event (large deviation) ansatz P(x, t) = e~ ®*:t<)/¢ (same e!).
Rescaled Master Equation

OP(x,t)

o = e Hu(x—e)P(x—e, )—u(x)P(x, ) }+e~ {d(x+€) P(x+e, t)—d(x)P(x, t)}

Hamilton-Jacobi Equation
&+ u(x) (€™ — 1) +d(x)(e7®™ —1) =0
Fokker-Planck Approximation

€ 2
OO — 0 () — d)PO 01+ § 2 [(() + d0x))P(x, D)

The wrong Hamilton-Jacobi Equation

u(x) + d(x)
2

O + (U(x) — d(x))dx + (®x)? =0




[Not so] Rare event (moderate deviation) ansatz P(x, t) = e~ **:0/¢
withd =e*forO < a < 1.

Now both Master and Fokker-Planck Equations lead to the same

Hamilton-Jacobi Equation

& + (u(x) — d(x))®x + € ulx) +d(x)

5oz (®) o (5)=0

)




[Not so] Rare event (moderate deviation) ansatz P(x, t) = e~ **:0/¢
withd =e*forO < a < 1.

Now both Master and Fokker-Planck Equations lead to the same

Hamilton-Jacobi Equation

O+ (u(x) — d(x)) Py + & u(x) +d(x)

5T 2 (@) +0(5) =0

5

Take-Home Message

Fokker-Planck approximation is valid only for up to
moderate deviations e~ ®(*:0/9 NOT for large deviations e~ ®(*:0)/¢ |




Back to solving Hamilton-Jacobi

¢+ u(x)(e® — 1) + d(x)(e™® — 1) = &y + H(x,dx) =0

» Read off the Hamiltonian
H(x,p) = u(x)(e” — 1) + d(x)(e™? — 1),
» Set up the Hamiltonian System

T =

%= v —1)-d()(eP-1)

{ 9 — y(x)eP —d(x)e P
aF =

» Along the Hamiltonian paths,

do adx
E— ¢t + (Dxi

ax ax

as claimed in Freidlin-Wentzell theory.



Freidlin-Wentzell LD Theory

6Im)elog P{eX(t) € S} = s(!;‘ef SIO [€]
£(0)=¢g

or
lim I|m elogP{ sup |eX(t) — (1) < 6} = — ] [€]

0—0e—0 0<t<T

Action Functional

fla= [ et eonos




» Backward Equation —1 = LT for mean switching times leads to
Homogeneous H-J Equation H(x, ®,) = 0 for the exponent
function.

» For One-Step MJP: H(x, p) = u(x)(e’? — 1)+ d(x)(e®—1) =0.
p = 0 (deterministic path) or p = log (d(x)/u(x)).

> &(x) = [ p(x)dx = Area in the phase plane.
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» Backward Equation —1 = LT for mean switching times leads to
Homogeneous H-J Equation H(x, ®,) = 0 for the exponent
function.

» For One-Step MJP: H(x, p) = u(x)(e’? — 1)+ d(x)(e®—1) =0.
p = 0 (deterministic path) or p = log (d(x)/u(x)).

> &(x) = [ p(x)dx = Area in the phase plane.
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Messages




Messages

» Fokker-Planck (diffusion) approximation may give the
opposite answer to the relative stability question,
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Messages
» Fokker-Planck (diffusion) approximation may give the
opposite answer to the relative stability question,

» MFPT exponent is not necessarily piecewise-constant over
the range of state variables,




Messages

» Fokker-Planck (diffusion) approximation may give the
opposite answer to the relative stability question,

» MFPT exponent is not necessarily piecewise-constant over
the range of state variables,

» MFPT may not be dominated by the most likely path.




Susceptible-Infected-Susceptible

» n = number of infected people,
» N = total number of people (kept constant),
» 1 < A = infection rate.

. n
n—n+1 with rate )\n_/\n(1—N),
n—n-—1 withrate pun, = n.

Mean Extinction Time 7, is the Mean First Passage Time from
the state n to the state 0.




Backward Equation

—1 = MTnp1 — ()\n + Hn)Tn + UnTh—1
with boundary condition 7y = 0.

The Exact Solution
n m—1
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Fast Dimerization
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Invariant measure of the fast process for a given ¢

c—2b

KPks" kPk, ° 1 eonp?
Fablo = Pogipr darzne = Polobyini g2z
with
k: k
bo(c) = (C * 8’?1) 21 \/@’
d(c)z by
1+4+/boki /Ky

The effective rates
San(0) = 2512 0(c — 2b) (oL kbky © = d(c — 2b0(c)).
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